Abstract. Here is a particular case of the main result of this paper: Let Ω ⊂ R n be a bounded domain, with a boundary of class C 2 , and let f, g :
Introduction
Here and in the sequel, Ω ⊂ R n (n ≥ 2) is an open, bounded and connected set, with boundary of class C 2 . Let ϕ, g : Ω × R → R be two Carathéodory functions. Since [1] , in connection with the Dirichlet problem −∆u = ϕ(x, u) + λg (x, u) in Ω, u = 0 on ∂Ω a rather classical issue is to find suitable conditions on ϕ, g under which the following is true: for each k ∈ N there is δ > 0 such that the problem has at least k solutions for all λ ∈ (0, δ). Among the most recent contributions, we refer to [3] and [4] . Note that a common feature of the quoted papers is the assumption that, for each x ∈ Ω, the function ϕ(x, ·) be odd.
As far as we know, it seems that the analogous question about the Neumann problem
(ν being the outer unit normal to ∂Ω) has not been studied. The aim of the present paper is to offer a contribution along this direction. We impose no growth condition on g (as in [3] , [4] ) and no symmetry condition on ϕ. This, in particular, allows us to get nonnegative solutions when ϕ(x, 0) = g(x, 0) = 0. Our key assumption on ϕ is of a completely different nature. Indeed, we require that ϕ(x, ξ) = α(x)ψ(ξ), where the set of all global minima of the function ξ → ξ 0 ψ(t) has infinitely many connected components. Furthermore, our approach (based on a general multiplicity result of [5] ) allows us to get information about the location of the solutions.
For instance, here is a consequence of our main result.
, with ess inf Ω α > 0, for every ρ > 0 and for every Carathéodory function g :
admits at least k nonzero and nonnegative strong solutions in W 2,p (Ω) which belong to the set
Results
Let h : Ω × R → R be a Carathéodory function. As usual, a weak solution of the problem
and
(Ω) which satisfies the equation almost everywhere in Ω and the boundary condition pointwise.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Indeed, arguing by contradiction, suppose that the set A = {x ∈ Ω :
By density, this equality holds for any v ∈ W 1,2 0 (A). On the other hand, clearly u(x) = 0 for all x ∈ ∂A, and so u ∈ W 1,2 0 (A). Hence, in particular, we have
from which, since ess inf A α > 0, it follows that u(x) = 0 for all x ∈ A, a contradiction.
Before stating our main result, we recall the statement of the multiplicity theorem of [5] Our main result reads as follows.
Theorem 1. Let f : R → R be a continuous function such that
(1) lim |ξ|→+∞ f (ξ) ξ = 0 .
Assume that the set of all global minima of the function
Then, for every α ∈ L ∞ (Ω), with ess inf Ω α > 0, for every number ρ satisfying
and for every Carathéodory function g :
Proof. First, note that, by [7] , since p > n, there exists c > 0 such that, for every β ∈ L p (Ω), the weak solution u of the linear problem
Moreover, this u lies in W 2,p (Ω) (and hence in C 1 (Ω)) and satisfies the equation a.e. in Ω ( [2] , [6] ). So, u is a strong solution of the problem. From (1), since f is continuous, it easily follows that
Clearly, we also have
Now, fix r > 0 in such a way that
and that
Next, put
By classical results, the functionals Ψ and Φ are sequentially weakly lower semicontinuous and continuously Gâteaux differentiable in W 1,2 (Ω) (equipped with the
and, for every λ ∈ R, the critical points of Ψ + λΦ are the weak solutions of the problem
For each u ∈ W 1,2 (Ω) and each λ ≥ 0, we clearly have
|f |(meas(Ω)) 
